SOME RESULTS ON GAUSSIAN BESOV-LIPSCHITZ 
SPACES AND GAUSSIAN TRIEBEL-LIZORKIN SPACES. 



EBNER PINEDA AND WILFREDO O. URBINA R. 



Abstract. In this paper we define Besov-Lipschitz and Triebel-Lizorkin 
spaces in the context of Gaussian harmonic analysis, the harmonic anal- 
ysis of Hermite polynomial expansions. We study inclusion relations 
among them, some interpolation results and continuity results of some 
important operators (the Ornstein-Uhlenbeck and the Poisson-Hermite 
semigroups and the Bessel potentials) on them. We also prove that the 
Gaussian Sobolev spaces ij£(7d) are contained in them. The proofs are 
general enough to allow extensions of these results to the case of La- 
guerre or Jacobi expansions and even further in the general framework 
of diffusions semigroups. 



1. Introduction 

Let us consider the Gaussian measure Jd(x) = e n d/2 with x £ ^ an d the 
Ornstein-Uhlenbeck differential operator 

(1.1) L = ^A x -{x,V x ). 

Let = (#L,...,Ai) S N d be a multi-index, let (3\ = ntiA ! > \P\ = 

Eti ft» d i = m;, for each 1 < i < d and Qfi = d i l - d d d - 

Let us consider the normalized Hermite polynomials of order f3, in d 
variables 

(21/31/3!) 1/2 l\ dxf> 

then, it is well known, that the Hermite polynomials are eigenfunctions of 
L, 

(1.3) Lhp{x) = -\p\h f) (x). 

Given a function / E L 1 (7^) its /?-Fourier-Hermite coefficient is defined by 

f(l3) =< fjip > ld = / f(x)h (x)j d (dx). 
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Let C n be the closed subspace of £ 2 (7d) generated by the linear combinations 
of {hp : |/9 1 = n}. By the orthogonality of the Hermite polynomials with 
respect to jd it is easy to see that {C n } is an orthogonal decomposition of 

OO 

L\ ld ) = ($C n 

n=0 

which is called the Wiener chaos. 

Let J n be the orthogonal projection of £ 2 (7<i) onto C n , then if / € £ 2 (7d) 



Jnf = £ fWh- 



Let us define the Ornstein-Uhlenbeck semigroup {Tt} t>0 as 

I f e- 2t (\x\ 2 + \y\ 2 )-2e- t (x,y) 

T '/( x ) = 1^2 / e ^ f(yhd(dy) 



(l-e 



(L4) = ^W I e "^ 

The family {T(} t>0 is a strongly continuous Markov semigroup on L p (7d), 
1 < p < oo, with infinitesimal generator L. Also, by a change of variable we 
can write, 



(1.5) T t f(x)= / /(Vl-e-^u + e-'xhdidu). 



Now, by Bochner subordination formula, see Stein [T6], we define the 
Poisson-Hermite semigroup {-ft} t >o as 

P t f( x ) = — Tt2/4u f(x)du= T s f{x)nf' 2 \ds), 

V 71 " Jo V u Jo 

where the measure 

(1.6) n\ /2 '(ds) = ^-j= s3/2 ds = g(t,s)ds, 

is called the one-side stable measure on (0,oo) of order 1/2. 

The family {P t } t>0 is also a strongly continuous semigroup on L p (7^), 
1 < p < oo, with infinitesimal generator — (— L) 1 / 2 . From (jl.4p we obtain, 
after the change of variable r = e~* Z 4 ", 

— I TJ — TX I \ 

27r(d+1)/2 J Rd ^ ( _ logr) 3/2 (l_ r 2)d/2 

(1-7) = / p(t,x,y)f(y)dy, 
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1 f 1 exp (t 2 /41ogr) ex P ( i-^ ) dr 



with 



(1.8) p(t,x,y) - 2vr(d+1)/2 J o t ( _ logr)3/2 (1 _ r 2)d/2 

In what follows, we will often going to use the notation 

u(x,t) = P t f(x) 



Observe that by (|1.3j) we have that 

(1.9) T t hp(x) = e-*'%(z), 
and 

(1.10) P t hp(x) = e-^hpix) 

Let us observe that since \\T t f — /||p,7 d — ► and \\Ptf — f\\p,j d — > as 
t — > then {T t } and {Pt} play the role of "approximation of the identity" 
in Gaussian setting. Moreover they are, up to now, the only approximations 
of identity known. Therefore following H. Triebel, see [19] section 2.6.4 Har- 
monic and Thermic extensions pag 152, we are going to use them to define 
Gaussian Besov-Lipschitz BpJ^d) and Gaussian Triebel-Lizorkin -P^ g (7<f) 
spaces. An open problem then is to find alternative definitions of those 
spaces and give a more explicit description about the type of regularity that 
they actually describe. 

On the other hand, the possibility of characterize the Gaussian Besov- 
Lipchitz spaces in terms of modulus of smoothness, as it is done in the 
classical case, would be possible only if the classical translation opera- 
tor Tyf(x) = f(x + y) is replaced for a more suitable translation oper- 
ator since the spaces L p (7^) are not in general closed under the action 
of Ty, for instance, in the one dimensional case, let us take the function 
f(x) = e' 1 ' 2- ' 11 ', then it is clear that / G ^(71) but it is easy to see that 
T\f{x) = f(x + 1) = e' x+1 ' _ l :c + 1 l ^ L 1 (7i). This point requieres further 
investigations. 

For a > 0, the Fractional Integral or Riesz potential of order a, iZ, with 
respect to the Gaussian measure is defined formally as 

(1.11) 11 = (-L)- Q / 2 n , 

where, IIo/ = / — / f(y)"fd(dy), for / £ L 2 (7^). That means that for the 
Hermite polynomials {hp}, for \(5\ > 0, 

(1-12) Qhp{x) = -^h(x), 
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and for (3 = 0, i2(^o) = 0. Then by linearity can be extended to any poly- 
nomial. It is easy to see that if / is a polynomial, 

1 f°° 

(1.13) pj( x ) = -— e-\P t f{x)-P 00 f{x))dt. 

r(a) Jo 

Moreover by P. A. Meyer's multiplier theorem, see [12], 12 admits a con- 
tinuous extension to L p (7^), 1 < p < oo, and (|1.13j) can be extended for 
/ e LP( 7d ), see US]. Also if / € C 2 B {R d ) such that f Rd f{y) ld {dy) = 0, then 

see [10]. 



The Bessel Potential of order a > 0, ^J, associated to the Gaussian 
measure is defined formally as 

(1.15) J2 = (I-L)-^, 
meaning that for the Hermite polynomials we have, 

^hp{x) = (1 + |/j|)a/2 W- 

Again by linearity can be extended to any polynomial and Meyer's theorem 
allows us to extend Bessel Potentials to a continuous operator on L p (jd), 
1 < p < oo. Additionaly, it is easy to see that J2 is a bijection over the set 
of polynomials "P. The Bessel potentials can be represented as 

(1.16) J2f{x) = / fe-'Ptfix)-, 

T(a) J Q t 

for more details see [5]. Moreover {Ja} a is a strongly continuous semigroup 
on L p (7,i), 1 < p < oo, with infinitesimal generator i log(/ — L). 

The fractional derivate of order a > with respect to the Gaussian mea- 
sure DZ, is defined formally as 

(1.17) Dl = (-L)"/ 2 , 
meaning that for the Hermite polynomials, we have 

(1.18) Dlhp{x) = \f3\ a/2 hp{x), 

thus by linearity can be extended to any polynomial. 

The fractional derivate DZ with respect to the Gaussian measure was first 
introduced in [10] . For more detail we refer to that article. Also see [14] for 
improved and simpler proofs of some results contained there. 

Now, if / is a polynomial, by the linearity of the operators 1% and DZ, 
(fTT2l) and (fl~T8|) . we get 

(1-19) no/ = IliDlf) = Dl(PJ). 
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The Gaussian Sobolev spaces of order a > 0, La("fd), 1 < p < oo, can be 
obtained, as in the classical the image of LPi^d) under the Bessel 

potential J2, with the norm 



(1-20) ll/IU== (I-LT' 2 f 

p,id 

Also they can be defined as the completion of the set of polynomials V with 
respect to that norm, see |21] and therefore V is trivially dense there. Let us 
remember that it can be proved that the set of polynomials V is also dense 
in LPfadji 1 < p < oo, see pQ. The fractional derivative DZ can be used to 
characterize the Gaussian Sobolev spaces La(jd) see [10] . 

As usual in what follows C represents a constant that is not necessarily 
the same in each occurrence. 

We wish to express our thanks to Prof. A. Eduardo Gatto for his useful 
conversations, and suggestions. We also want to thanks Prof. Hugo Aimar 
for an important observation that lead us to Theorem 2.4. Also we want 
to thank the referees for all their suggestions, comments and observations 
which have improved not only the presentation of our paper but also some 
of the results obtained. 

2. The main results 

As it was already mentioned in the introduction, the main objective of 
this paper is to introduce the Gaussian Besov-Lipschitz -Bp j(? (7d) and the 
Gaussian Triebel-Lizorkin Fp q {^d) spaces, for any a > 0. We will follow 
E. Stein [16] scheme to define and study the Bp q {^jd) spaces, but since the 
Poisson-Hermite semigroup is not a convolution semigroup the proofs of the 
results will be totally different to the ones in Stein's book. We will use, 
in an essential way, the representation of the Poisson-Hermite semigroup 
(II. 6p using the one-side stable measure, [i^ 2 ^ defined in (II. 6h . From that 
fact, it is then clear that similar constructions are possible for the harmonic 
analysis of Laguerre or Jacobi polynomial expansions and even further in the 
framework of general diffusion semigroups but we are not going to consider 
those cases here. Let us point out that Hermite, Laguerre and Jacobi are 
the only cases of diffusion semigroups associated to orthogonal polynomials, 
see Mazet [12] . 

On the other hand, Besov-Lipschitz spaces can be also obtained as in- 
terpolated spaces using interpolation theory for semigroups defined on a 
Banach space, see for instance Chapter 3 of [2] or [D 



We will need some technical results for the measure ^j 1 ^- First, in 



what follows since fi^ 2 \ds) = 6 g3 f 2 ds = g(t,s)ds, for any k £ N, the 

gk 



notation j^z^l {ds) will denote 



Qk (V2) M ^ 9^s) 
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Then by induction it can be seen that 

f)k (1/2) A 

(2-2) ^5-W = ( E "U^K^C*) 

< j < k, 2j - i = k 



where {ajj} is a (finite) set of constants. 



t 2 



Moreover, using the change of variable u = — , it is easy to see that given 

4s 

fcGN and t > 

r+OO i i n 

2 2k Y(k+-) 

where C k = 1 — — ■ Finally, using the two previous results we get that if 

fceN and t > 0, then 

(2.4) fl^""iwst. 

Now, considering the maximal function of the Ornstein-Uhlenbeck semi- 
group, 

T*f(x) =sup|T t /(»|, 
t>o 

we have the following inequality that will be used later, 



Lemma 2.1. 



\^^\<C k T*f(x)t- k . 



Proof. Using (|2.4|) and the dominated convergence theorem, we have 
r+oo flfc 

< y o T*/(x)i^S 1/2) (^)i<^r*/(^- fe . 

□ 

Lemma 2.2. Given f 6 L p (jd), ct > and A:, £ integers greater than a, then 

H-^T-||p,7d < ^*~ fc+a */ and on/y if ||-^-|| Pl7d < Mr l + a . 

Moreover, if A k (f), A[(f) are the smallest constants appearing in the above 
inequalities then there exist constants A k ^ a and D k> i a such that 

A k> i, a A k (f) < Mf) < D kM A k (f), 

for allfeWfrd)- 
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Proof. Let us suppose, without lost of generality, that k > I. We will 
prove first the direct implication. For this, we use the representation of the 
Poisson-Hermite semigroup (|1.6j) . 

r+oo 

P t f(x)= / TJ(x)4 1/2) (ds), 
Jo 

then differentiating A:-times with respect to t, 



dt k J sjy 'dt k ' 
Using the identity (12. 2j) it is easy to prove that for all m 6 N 

it. 8 T' /(: '° = o. 

t^+oo dt m 
and therefore given n S N, n > a 

d n P t f(x) f +co d n+l P s f{x) 



dt n L ds n+1 



ds 



Thus, 



l^ll < Pll ^^ ll ds< ( +C ° A +Af)s-^+«ds 



(/) ^-n+ct 
n — a 



Then 



n — a 

and as n > a is arbitrary, then by using the above result k — I times, we get 

Mf) < **dll< 7 4^ -<...< Akif) 



I - a ~ (I - a) (I + 1 - a) ~ ' ~ (I - a) (I + 1 - a)...(k - 1 - a) 
D k , a A k (f). 



To prove the converse implication, using again the representation (II. 6|) . we 

get, 

/"-f-OO 

u(x,t 1+ t 2 ) = P t ,(PtJ)(x) = / T s {P t J){x)$ 2 \ds). 

Jo 

Therefore, taking t = t\ + t 2 and differentiating I times with respect to t 2 
and k — I times with respect to t\ we get 

(2 .5) gff = r r /w^w w , 

9!* J 9ti, 0*5;-' 1 
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Thus, using the inequality (j2.4j) and the fact that the Ornstein-Uhlenbeck 
semigroup is a contraction semigroup, we get 

, d k u(-,t) n [ +0 °u T( dlp tJ,u < 9k ~ l dl /2 \ ^^nd lp tJn [ + °° , d k ~ l (1/2) 

ii^hu < j o "^(^iui^^^i^ii^iu^ l^p< (*)l 

< c k -i\\-j^p t2 f\\ p „ d t[- k < c k ^Mf)q l+a t[- k . 

Therefore, taking t\ = t% = |, 

II — g^. — \\ P , ld < ^k-lAi[f){-) 



and then 



Mf) < ^Mf)- 

□ 

The following technical result will be the key to define Gaussian Besov- 
Lipschitz spaces, 

Lemma 2.3. Given a > and k,l integers greater than a. Then 



if and only if 

r+oo 
( / (t l - a 



d l P t f , q dti 
J^HU) j)'<oo. 

Moreover, there exists constants Akj, a , such that 

' l,a ^ Jo \\-Qjr\\pnd) —) q 

Proof. Let us suppose, without lost of generality, that k >l. We will prove 
first the converse implication; from Lemma 12.21 we have, 

II g t k mid - ^k-l\\ g^ty Wpnd\2> 

Thus, 

with = C fc _,2*- a . 
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For the direct implication, given n G N, n > a, again using the previous 
lemma 



,d n P t f l 
1 dt n 



< 



hoc g n+lpj 



Id 



ds 



Therefore, by using the Hardy inequality [16 



o 



dt n 



< 



+oo 



t 



+oo ara+1 ; 





+oo /<+oo Qn+lp j 



< 



t 

+oo 



ds n+l NP.7* 



H ... . n»/W J 



Now, as n > a is arbitrary, using the above result k — I times 



r+oo 

( / 

JO 



,d l P t f , q dt l 

I m i Upm) t ) 
1 

< 



I — a 



+oo 



dt l+l WP.ldJ t 



< 



(I - a). (I + 1 - a) 



J+2- 



- au d l+2 Ptf u , q dt,i 



dt l+2 UPM 



+oo 



±k—a 



where D 



{ d k P t f , 

1 dt k 1 



dt.i 



vndY t ) 



k,La 



□ 



(I - a).(l + 1 - a)...(k - 1 - a) 

Now, following the classical case, see for instance [4], [16], [18] and [19j . we 
are going to define the Gaussian Besov-Lipschitz B" (7^) spaces or Besov- 
Lipschitz spaces for Hermite polynomial expansions, 

Definition 2.1. Let a > 0, k be the smallest integer greater than a, and 
1 < P, Q < 00. For 1 < (7 < 00 the Gaussian Besov-Lipschitz space B® A'jd) 
are defined as the set of functions f G L p {jd) for which 



(2.6) 



d k P t f 



dt k 



p-,d 



,dt 

'— I < 00. 

t 



The norm of f G (7^) is defined as 



(2.7) 



P,9 



P.7d 



+ 



k—a 



d k P t f 



dt k 



,dt 



1/1 



P,7d 
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For q = oo the Gaussian Besov-Lipschitz space -Bp >00 (7d) are defined as the 
set of functions f £ L p (7^) for which exists a constant A such that 

\\ dkPt f \\ < Af- k+a 
and then the norm of f S Bp t oo{ld) * s defined as 
(2-8) ll/ll flgoo :=ll/IU+4k(/), 

where A^{f) is the smallest constant A appearing in the above inequality. 
In particular, the space B^ 00(7,2) is the Gaussian Lipschitz space Lip a (jd)- 

Lemma 12.31 show us that we could have replaced k by any other integer I 
greater than a and the resulting norms are equivalent. 

In what follows, we need the following technical result about L p (7^)-norms 
of the derivatives of the Poisson-Hermite semigroup, 

Lemma 2.4. Suppose f 6 LPl^d), then for any integer k the function 
d^Ptf 

|| — — — || Pj7d is a non-increasing function of t, for < t < +00. Moreover, 
(2-9) II^IU<C|l/IU^>*>0 

Proof. Let us consider first the case k = 0. Let us fix t\,t 2 > 0, by using 
the semigroup property we get 

«(Ml+<2) = Ph+tJ{x) = P tl (P t J(x)) = P h (u(x,t 2 )) 

Therefore, by definition of Pt, Jensen's inequality and the invariance of 7^ 



\u(x,h + t 2 )\ p 'jd(dx) = / 1/ P(ti,x,y)u(y,t 2 )dy\ p j d (dx) 

JR d JRd 

< / ( / p(t 1 ,x,y)\u(y,t 2 )\ p dy)-/ d (dx) 



P tl (\u(x,t 2 )\ p ) ld (dx) = / \u{x,t 2 )\ p ld{dx). 



Thus 

H- P tl+t2/llp,7d - ll-ffe/ llp/Yd- 

Now to prove the general case, k > 0. Differentiating the identity u(x, t\ + 
t 2 ) = P tl (u(x,t 2 )) /c-times with respect to t 2 to get 

d k u(x,h + t 2 ) = d k u(x,t 2 ) 

d(h+t 2 ) k tl[ dt k ' 

and then use a analogous argument to the one above. 

In order to prove (|2.9p we use again the representation (jl.6p of the Poisson- 
Hermite semigroup and differentiating it /c-times with respect to t we get 
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thus, by Minkowski's integral inequality, the contractive property of the 
Ornstein-Uhlenbeck semigroup and inequality (|2.4p . we get for t > 

nd k Ptf u ^ f + °°urr, J: d k t 1/2)fJ ... /' +00 II ^ JMI t d k (i 



< ll/IU^ + °°I^Mf /2) (^)l<^ll/IU. 



T s f—Jl /2 \ds)\\ pad = / \\TJ\\ p ^— k ^ 2 \ds)\ 



□ 



Let us study some inclusions among the Gaussian Besov-Lipschitz spaces, 

Proposition 2.1. The inclusion B" 1 ( r y^) C ^^(Trf) froZds if either: 

i) ai > «2 > (gi and §2 need not to 6e related), or 

ii) 1/ ai = «2 <wid gi < <72 

/•+oo d k P^f dt 1 

Proof. In order to prove m), we set A = ( / (t fc ~ a || ^ fc || P ,7 d ) 91 — ) 91 

Now, fixing to > 

"*° (+k-<x\\ d Pt f II \ qi — < Aii 



2 



d k Ptf 

By Lemma [2,44 || r^ fc ||p,7 d takes its minimum value at the upper end point 
(t = to) of the above integral . So we get 



9t fc " P ' 7d ho t 



2 



d k Pt f 

That is || — \\ P ,j d < C^4tg fe+a but since to is arbitrary then 

ii d fcp */ ii r , 

II ^fc llp,7d - uylt ' 

for all t > 0. In other words / E implies also that / 6 -Bp i0O - Thus, as 
92 > qi 

" + °° ,^/„ ^dt _ f + °° uk - a ,d k P t f „ N ^ fc — g^^^ || 



/" °° ^fc-an ^ ^/ || \q2& _ f °° (+k-a\\ ® ^tf || \Q2-qi (. 

J [t 11 <9t fc llp ' 7dj t " 7 1 " dt k M 1 

/■+oo f) k P f 

< (CA)»-*J o (t k - a \\^f\\ P ,, d ) 



t 

(CA) q2 - qi A qi = CA q2 < +oo, 



12 



EBNER PINEDA AND WILFREDO O. URBINA R. 



and therefore / G B^ q2 . 



Now in order to prove part i), by Lemma 12.41 we have 



t d k Ptf t 



Pnd < Ct~ k , t > 0. 



11 dt k 

Now given / E Bp 1 , taking again 



d k Ptf n wi^i 



we get as in part ii 



/~i Ax— k+a\ 
II ^fc \\p,ld - ^ At 

for all t > 0. Now, 

+ °° Uk-a 2 \\ ^Ptf || \92^ _ f 1 { + k-a 2 \\ d kp tf \\ \Q2& , f + °°( + k- 

[t 11 dt k hm) t ~ J [ 11 dt k h ' ld > t + J 1 [t 

= i + ii. 

Now, 

T - f 1 t(k-a 2 )q2\\ d kPt f ||<?2 ^< f 1 f (k-a 2 )q 2(r 4\32/(ai-% 2 ^ 

1 ~ L 11 at* * - ./n 1 j f 



(c^) 92 f 1 t {ai ~ a2)q2 — = CA q2 
Jo t 



and 



jj _ f + °° t (k-a 2 )q2^ ^Ptf i,g 2 cfc < f +OC t (k-a 2 )q 2( jq 2t -kq 2 & 

Ji dt k p,ld t J 1 t 



30 (it 



Hence, 



andso/6%. □ 



The following technical result will be the key to define Gaussian Triebel- 
Lizorkin spaces, 

Lemma 2.5. Let a > and k, I integers such that k > I > a. Then 

OO 



/■ + 00 !}/C ! 

1 C~l|?«/I) , 7 



i/ and onZy «/ 



9 llp,7 < OO. 
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Moreover, there exists constants A^i ](X , D k) i j(X such that 



llp,7 



/•+O0 fjl J f 



Proof. 

Let n£N such that n > a. Then it can be proved that 

+00 an+1 



an p+00 an+l 



Then by Hardy's inequality, 

r+00 an jf 1 r+00 r+00 an+l jj x 

1 /-+oo fln+1 



n — a 







1 /"+oo an+l j ! 



n — a J ds n+l ' s 

Now as n > a is arbitrary, iterating the previous argument k — I times, we 
have 



< 



< 



(/-a).(/ + l-a) Vo ^ Z+2 7 t 

{t k - a %p t m\) q jY 



where C MiQ = — — — 1 — r. Thus 

(I — a) (I + 1 — a)...(fc — 1 — a) 



where D kj i >a = l/C k ,i, a - 

The converse inequality is also obtained by an inductive argument from 
the case k = I + 1. Let us remember (12.51) . 



d k u(x,t) f + °° ^ ,d l P t2 f{x), d k 



t-l 



TsC-^^^^Hds), 



dt k J iV dt l 2 'dt k 
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d t 
and since, from (|2.2p . ——jjL^J 2 \ds) = (t^ 1 — — !-) i^lj 2 \ds) we get 

C7Z/1 



-l / ^n^fWWh (1/2) M a i il / ^ ti Q7y^ h i ( i/ 2 ) ( 
Therefore 



= I + 11 

Now using twice Minkowski integral inequality (since T s is an integral trans- 
formation with positive kernel) and the fact that ^J 2 ^ (ds) is a probability, 
we get 



< c, jT ([ ( 4 r« trT ( r „(i^M|))»|)Vv<;/ 2 ) (dS ) 

< c, r~r.(( / + ~( ( r» (rr (i^M|)»^)'/.) M <;^ ((iS ) 

JO JO 0^2 2 

f n rr* ( ( f +C ° (+k-a.-l\Q (\ 9 l Pt 2 f{x) ,\qdt2\ l/q\ 



and using the same argument for (//) and (12.3H . we have 

ii < ^ (( ^(tr%)^(i^M|)^)^)^ 

r< ^(i f + °° (+k-a.-l\q(\d l Pt 2 f{ x )\\qdt2\l/q\ 

- c q T [t 2 t x ) (I QA \) -£) )■ 

Taking t\ = i 2 = f and changing the variable, we get 



and 



FUNCTION SPACES FOR THE GAUSSIAN MEASURE 



15 



Hence, by the LP boundedness of T* 



( (* 



o 



k _ a] d k u(x,t) ^ q ai ^ !./,, 



8t k 



t 



) 



< C, 



q,k,a 



\T*{{ 



+00 



+ 



< 



C q \\T*(( 

Ch,a,q\\ 



+00 



t 



du l 

du l 

,d l pj(x) 



) Wptf) 



dtsl/q 



dt 1 



\) q i) 



133,-7- 



□ 

Now, we can introduce the Gaussian Triebel-Lizorkin spaces -F^ g (7d) fol- 
lowing the classical case (see [I] , [18] and [19] ) , 

Definition 2.2. Let a > 0, k be the smallest integer greater than a, and 
1 < P) 9 < 00. TTie Gaussian Triebel-Lizorkin space Fp^ijd) ^ s the set of 
functions f £ £ p (7d) for which 

d k P t f 



(2.10) 



k-c 



dt k 



■7) 



1/9 



< OO. 



P,7d 



JTie norm 0/ / € -F^ 9 (7d) defined as 



(2.11) 



P:7d 



+ 



P,7d 



Observe that by Lemma 12.51 the definition of Fp ,q (^fd) does not depend 
on which k > a is chosen and the resulting norms are equivalent. 

In [TT] the notion of homogeneous Gaussian Besov-Lipschitz and homo- 
geneous Gaussian Triebel-Lizorkin spaces were considered. Nevertheless the 
definitions of those spaces given there appear to be wrong in the case that 
a > 1. On the other hand, J. Epperson [3] has considered Triebel-Lizorkin 
spaces with respect to the Hermite functions expansions which are differ- 
ent to the spaces that we are considering in this article related to Hermite 
polynomial expansions. 

Let us observe that by the L p (7d)-continuity of the Gaussian Littlewood- 
Paley g\- function, see [9] 

dP t f 2 x 



(2.12) 



01 (/)(*) 




dt 



dt 



it is inmediate to see that for 1 < p < 00 

and by the trivial identification of the LP spaces with the Hardy spaces, see 
[Bj, we have also 

H p (7 d ) = fj 2 (7d), 
For Gaussian Triebel-Lizorkin spaces we have the following inclusion re- 
sult, which is analogous to Proposition 12.11 i). 
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Proposition 2.2. The inclusion F£q 1 ('Yd) C ^p*f a (7<f) holds for a% > 012 > 
and q\ > qi . 

Proof. Let us consider / € -Fjf 1 ' 91 (7^). Then 



+ ~ +k- an d k Ptf{x) ,, q2 dU± 

1 dt k l) t> 



'12 



1 Uk-a ^ k P t f(x) ^ q2 dt [+°° uk _ a2i d k P t f( X ) ^ q2 dt,J, 

v 1 W> l) T + J 1 ( 1 m> l) T> 



= 1 + 11. 

Let us observe that for the first term /, the case gi = (72 is immediate 
since as t < 1 , t fc_a2 < an d then 



dt k l) t ' 



Now, in the case q\ > qi taking r = — , s = — — — then r, s > 1 and 

92 9i - 92 

1 1 

— I — = 1, then, by Holder's inequality 

r s 

J?2 _ f 1 t (ai-a2)q2(j.k-a^ dkp tf( X ) ^I2 dt < A Z" 1 f («i -a 2 )q 2 s^ ^ ^ Uk-ai | 9 kp tf(x) ^ q 2 r dts 1 
7n i ./n t ./n <9t fc f 







(«i — 02)925 7o <^ fc t Jo 9t k i 

Now for the second term II, using Lemma 12.11 we have 

11 = (l + ^(t k - a2 \^^\) q2 j)^ <cr/(x)(| + °°(^rY 2 j)^ 
f+°° dt 1 

= CT*f(x)( r a2q2 —)v=CT*f(x). 
Then, using the L p {^d) continuity of T*, we get 



< G 0l(/ +O ° (t k - ai \^\) qi j)^\\ P , /d + ll/IU] < +°°, 



Thus,/eF p a2 '" 2 ( 7d ). □ 
Let us observe that the Gaussian Besov-Lipschitz spaces and the Gaussian 
Triebel-Lizorkin spaces are by construction subspaces of L p (7^). Moreover 
since trivially \\f\\ Pj7d < \\f\\ B ^and \\f\\ p ^ d < ll/lli?« a the inclusions are 
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continuous. On the other hand, from (ll.lOp it is clear that for all t > and 

k S N, 

^PMx) = (-i) k \p\ k ' 2 e-Wm hfi ( x)i 

and therefore 

+ °° f+k-au ® o i, II \qdt,l/ q , f + °° (k-a\\r \ o\ l/2\ k „-t\/W\ u II \ <? ^ \ 



+00 



Thus /1/3 E B£ J id) and 



(l + ^^fc-a)?)) 1 ^),,,,,,-. 



Similarly, fyg G Fp^i'Jd) and 



H-00 ofc 7. 

+ik/ o (t k - a \^pM*)\yf 



F« q = ||/l/9||p,7-|-HU V 7) II/'-- 



Therefore, the set of polynomials V is included in f?" (7^) and in F" {"fd)- 
Also we have the following inclusion relations between Gaussian Triebel- 
Lizorkin spaces and Gaussian Besov-Lipschitz spaces, 

Proposition 2.3. Let a > and p, q > 1 

i) If p = q then 

Fp, P (^) = B v^d). 

ii) If q > p then 

F^ q {ld) C B« q { ld ). 

hi) If p > q then 

B^Jld) C F^ d ). 

Proof. 

i) Using Tonelli's theorem, we trivially have 



-co 



I* II dt k Up) t ) ■ 
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ii) Suppose q > p, by Minkowski's integral inequality we have, 



k— a 



d k P t f 



dt k 



pad 



p/i 



t 



(k-a)q I 



d k P t f(i 



dt" 



< 



R d Jo 



±k—ot 



dt k 

d k P t f(x) 
dt k 



I J d (dx)) q/P j 



Therefore, 



< 



pad 



paa 




pad 



pa . 

p,g 



iii) Finally, if p > q, using again Minkowski's integral inequality, we 



pad 



+ 



f 

Jo 



< 



pad 



(t 



±k—a 



k—a 



d k P t f 



dt k 

d k P t f 
dt k 



I f ) Wpad 



,dt 



1/9 



B a ■ 



vad 



□ 



Let us prove now that the Gaussian Sobolev spaces La(jd) are contained 
in some Besov-Lipschitz and Triebel-Lizorkin spaces, and therefore they are 
"finer scales" to measure the regularity of functions. 

Theorem 2.1. Let us suppose that 1 < p < +oo and a > 0. Then 
i) L P a (ld) C F£ 2 ( ld ) ifp>l. 

ii) Ll( ld ) c B«p( 7d ) = F« p { ld ) ifp > 2. 
hi) Ll{ ld ) C B^ina) tfp<2. 



Proof. 

i). We have to consider two cases: 

(1) If a > 1. Suppose h G L p a { ld ) then h = J a f, f G L p ( 7d ), by the 
change of variable u = t + s using the fact the representation of the 
Bessel potentials f 1 1 . 1 6 1) and Hardy's inequality to get, 
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'0 



0t^ t Jq dt^ t 



x ,+oo f+oo R^Pt+smd S.2dt.i 

~ r(a)V [ Jo 1 »(* + *)* * j * j 

" T(a)k-a { J 11 U u j ' 



Hence, by the L p ( 7 d)-continuity of the Gaussian Littlewood-Paley 
gk- function, see [5] 



+°° k _ m d k P t h^ 2 dt^ n 1 1 „, f + °° / M d k p u f^du^ 







* "I ft* I) t ) 2 l^ ^ r(a)jfe-a"V ^' 9u* ^ « ^ llp ' 7 

= Cfe,a||5fe/llp,7 — Cfc,o||/llp,7 = Cfc,a||^llp,a) 



thus h e F p " 2 ( 7d ). 

(2) If < a < 1. Suppose /i 6 1/^(7^), then /i = J a j ', f € L p (7^), again 
using (j!.16|) . 



f + °° Uk-a ^ k Pth(x) ^dt^ 1 . f + °°^ k „ a)( f + °° d^Pt+sm .ds^dt^ 

Jo [ 1 at* l) t > - r(a)V Vo 1 d(t + *) k 1 s } t } 



< - (/ 



s e 



2 



< 
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Now, since e~ s < 1, < t a ~ 1 as a < 1, and using the change of 

variables u = t + s and Hardy inequality we get, 



< 



du k u 



-)—)•' //,/!,•). 



/ 2 < 



On the other hand, again since e s < 1, 

7o K Jo d(t + s) k 1 ' a 2 J Wo 1 + 1 ; 

Now, as a > using Jensen's inequality for the measure ■^s a ~ 1 ds 
and Tonelli's Theorem, 

s 5jT ,a " 1( P t+ ' ) "^ ,| ^r |, * ) * 1 

since 2 A; — a — 1 > 0. Finally, again using the change of variables 
u = t + s and the Hardy inequality 

i 2 < - r°°s a - i ( r°° u 2k ' a - i \ dkp ^} x) \ 2 du)ds 

a Jo J 2s du 

~ a J y 1 du k w u a kJ y ' 

Hence, again by the L p (7^)-continuity of the Gaussian Littlewood- 
Paley function, 



^ (** "I Q t k l) 2 y) 2 IIp.7 ^ Cfc,albfc/llp,7 ^ Cfc,all/llp,7 ~ C k,a\\h\\p,a- 



t d k P t h^ 2 dt^i 

'o 

Thus h G F° 2 (j d ), for < a < 1. 

Let us prove now ii). Suppose h 6 £0(7^) with p > 2 then h = J a j ', 
f £ LP(7d). Using the inequality (a + &)* < C p (aP + V) if a, 6 > 0,p > 1 we 
get 
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A:- 



( (* 



-r(a) l 7o 1 Jo "a(i + s) fcllp ' 7 a J t J 

<■ C ( [ + °° Mk-o)l [* an d kp s+tf I, dfxp 



r(a)^o Vo ll »(- + 0*^ 7 - 

, / f + °° „ a|| || ^p^i 

Using the inequality (a + b) 1 ^ < a 1 ^ + fe 1 ^ if a, 6 > 0,p > 1 



+oo 



au d k P s+t f u ds, p dUi 

'To/ + / 



< r °>-w /%i 9kPs+tf ii ^r-^ 

- r(a)V V "aca + t)* 1 ^ J t j 



r(a) v 7 V* "d(s + i) fclli " r s y t 

= / + //. 

Now, using again the Hardy's inequality, since k > a and lemma [2~4l 

= C l ^^(/|||,F,/U^)i = C i , ||(^|,^|^)i|| p , 

by Tonelli's Theorem. 

Now since p > 2 using Lemma 12.11 we have 

k d k Pf( X ) du = p (u ^ Pu/(x)|)P - (ufc| |l Pu/(x)|) ^ 
1 du k 1 u /n v '<9u fc ^ v W JK u 





< c^mr^ (u^p u m\)^ 



Therefore 
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r°t = LAI i-'^sprvW* 



du k u p 7]Rd Jo & uk u 

< 



2 

Using Holder inequality, with 6 = — , and the L p (7d) continuity of T* and 

p 

gic, we have 

C( / ((T*/(^)) (P ~ 2) ^7,(^)) 1 - e . 



< 



c( / ((r*/(^)) p 7d(^))^. 



C||T7||£ 2 ||<&/||?, 7 < CH/II^ 



Thus, 

// < Cfc,a||%, a . 

Now, using again lemma [2^1 and since a > 



So/i€S«p(7 d ),ifp>2. 

iii) can be proved using similar arguments as in i) and ii) but it is imme- 
diate consequences of i) and of Proposition 12,31 ii) . □ 

In [TT], using Theorem 3.2, it is claimed that the Gaussian Sobolev spaces 
La{jd) coincide with the homogeneous Gaussian Triebel-Lizorkin F^ 2 Du t 
the proof of that theorem is wrong since it is assumed the the operator in- 
volved is linear but it is actually only sublinear. 

Now, let us prove some interpolation results for the Gaussian Besov- 
Lipschitz spaces and for the Gaussian Triebel-Lizorkin spaces, 
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Theorem 2.2. We have the following interpolation results: 

i) For 1 < pj,qj < +oo and ctj > 0, if f G Bp^ qj ('j d ), j = 0,1, then 
f G Bp^jd), where a = ao(l — 0) + and 

- = l(i - e) + — , - = l(i - 9) + -, o < e < i. 

P Po Pi 9 go 9i 

ii) For 1 < pj,qj < +oo and ctj > 0, if f G Fpf,qj{ld), 3 = 0,1, then 
f G Fp q {^d), where a = ao(l — 0) + u\9 , and 

- = 1(1 - 9) + 1, - = 1(1 - 9) + -, < 9 < 1. 
P Po Pi 9 9o 9i 



Proof. The proof of both results are based in the following interpolation 
result for LP(~fd) spaces (actually true for any measure /u) that is obtained 
using Holder inequality: 

For 1 < r ,ri < oo and - = 1(1 - r?) + — , < r, < 1. If / G L r '(7d), 

r ro r\ 

j = 0,1 then/ G U\ ld ) and 

(2-13) ||/||,, 7d < ll/l&l/ll?^ 

Let us prove i). Let k be any integer greater than ao an d ai, by using 
the above result we get for a = Qo(l — 9) + a\9, 

f +!X) ( f k-a\\ d kp tf n \qdt f +OC , k-(a i) (l-e)+a 1 8)n d kp tf ■■ 1— 6> 11 d fc -P t / g 

- f +CC (t(l-8)(k-ao)+e(k~ ai )n d k P tf i|l-0 n ^ fc -Pt/ |ie \ 

y o v ii iipo,7dii ^ iipi.tJ 



/ 

JO 



/ f fc-an|| gfcp */ || \(l-%^fc-ai|| g*^/ || \0q± 
V II ^fc \\P0,ld) \ L II ^fc HPi.7dJ t ■ 



9q 

Now, if A = — then < A < 1 and q = (1 — A)go + Agi. Therefore by using 
9i 

again the Holder inequality , 



J [t 11 dt* h ' ld > t 



+oo _ p)kr>t J+ , , /-+oo _ Qfe j 



< 



and so / G B* q (j d ). 

ii) Analogously, by taking /? = A = we have < /3, A < 1 and 
p = (1 — /3)po + /^Pij 9 = (1 — A) go + Agi. Let be any integer greater than 
ao and a±, by using Holder we get for a = ao(l — 9) + a±9, 
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f + °° ^k-afPtf^ydt = f + °° (tfc - Qn ! d k P t f ^ (i- % (f fc _ ai | d fc P t / |)gg dt 
Jo dt k t Jo dt k dt k t 

Thus, 

IK/" - £ (jf° (<-l^0'f 

and then again using Holder inequality, 

IK / + °° (t k - a \ dkPtf \) q —)h\p 

x|l(^(^^l) 91 j)^ll^ 7d <+oo. 
Hence / G i£,( 7 d). □ 

Now, we are going to study the continuity properties of the Ornstein- 
Uhlenbeck semigroup, the Poisson-Hermite semigroup and the Bessel po- 
tentials on the Besov-Lipschitz and Triebel-Lizorkin spaces, 

Theorem 2.3. For the Besov-Lipschitz spaces g (7d) and Triebel-Lizorkin 
spaces F° we have 

i) The Ornstein-Uhlenbeck semigroup {T t } and the Poisson-Hermite 
semigroup {Pt} are bounded on 5p g (7rf). 

ii) For every (5 > 0, the Bessel potentials Jj are bounded on Bp q (^^). 
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iii) The Ornstein-Uhlenbeck semigroup {Tt}, the Poisson-Hermite semi- 
group {Pt} are bounded on F™ q . 

iv) the Bessel potentials Jj are bounded on Fp q {^^). 



Proof. 



/ 

JR d 



i) Let us prove the Bp i(J (7rf)-continuity of Pt for any t > 0, the proof 
for Tt is totally analogous. By the L p -continuity of the Poisson- 
Hermite semigroup, the Lebesgue's dominated convergence theorem 
and Jensen's inequality we get 

l^^(*)l'7-(<k) = / d \Ps(^)(x)\^ d (dx) 



x). 



Thus, 



t d k Pt(P s f) u <ll d k Ptf l 



II Q t k HP,7d - II Q t k HP>7d> 

and therefore 

\P s f\\B« q = ||-P s /||p,7d + ( J (t k ~ a \\ Wv,id) q —) 1/q 



-oo 



,d k P t f.. , q dt.i/ q 



< 11/11™ + (/ (^i-^iu)V) 



o dt k " p,ow t' 



ii) Now let us see that J$ is bounded on Jcid)- Using the Lebesgue's 
dominated convergence theorem and Minkowski's integral inequality 
and Jensen's inequality, we have 

i r +oo «- s( [ ^p t p s f{ X ) w _ fJ _^d8. 



< J__ [ + °° c c -s, d k PtPsf nq ds 



and then using Tonelli's Theorem, 
[ + °° Uk-o^Pt ( r m V dt 1 f + °° ^0 r -s ( f + °° (.k ^PtjPsf) )q dtds 

r+°° r+™ ( k~ a u^Pt£ )q dt ds 

- m J 7o 1 11 dt* M t > s 



f + °° U k-a U d k Ptf u , q dt 

Jo 



(+k-a\\ u r tJ ii \Q^± 
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Therefore 



r+oo ak p jj. 

\\jpf\\B* q = w\\p,y d +j o (t k ' a \\^(j,f)\\ P ,, d y T 



< 



P,ld 



+ 



r+oo 

L ( 



ik—a 



1 dt k 



rdt 



\\P,ld 



B a ■ 



iii) Let us prove the F^ ? -continuity of Pt for any t > 0, the proof for 
T t is totally analogous. By the Lebesgue's dominated convergence 
theorem and Minkowski's integral inequality, we have 



POO 

/ (< 

J 



k—a 



1/9 



ds k 



(s 



k—a 



< 



d k P s g(y) 



1/9 



k—a 



- <0 

Therefore, by the L p continuity of Pt we get 



d k P s g 



k—a 



ds k 



ds k 
ds\ 1/q 



POO 

J (s k - a 



d k P s (P t g) 



ds k 



1/9 

—J llp,7 d 



j -V /y iL._ < np t (f /°v- q 



.9 



< 



/•OO 



k—a 



ds k 
d k P s g 



1/9 



ds k 



,ds\ 



1/9 



)" a J ll Pl 7d 



Thus, 



11^11% = II^IU + II (jfV" 



d k P s (P t g) 



ds k 



< 



\\p,id 



+ 





d k P s g 




ds k 



) s J llp,7d- 



NP>7d 



iv) Now let us see that Jp is bounded on ip* g (7d)- By the Lebesgue's 
dominated convergence theorem, Minkowski's integral inequality and 
iii), we have 



k—a 



^W»)W)'t) 



1/9 



„fc-£ 



gfcp 1 /* +0 ° , (ft 



1 / i + 00 / /"OO 



ds k 



(*)) 
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roo 

/ (s k ~ a 
Jo 



d k P< 



1/9 



\P,7d 



j r+oo 
< ll=r^ I ("r 



< 



TG9) 
1 



d k P s {P t g) 



< 



m Jo 

^ r+oo 



m Jo 



tPe-*\ 



-k-c 



Jz—a 



ds k 

d k P s {Ptg) 



ds k 
d k P s g 



, q ds\ 1/q dt 

) -j j\\ P ,j d 

ds\ 1/q dt 



k—c 



d k P, 



ds k 



1/9 



<9s fc 



Thus 

W^9\\F« q 



H^slU + II I / o (* 



k—a 



d k P. 



ds k v ^ 



1/9 



< 



IP,7d 



+ 











ds k 





1/9 



IP>7d 



□ 



Actually we can say more, 

Theorem 2.4. Suppose that a > 0,/3 > 0. TTien 

i) is bounded from B^ q (j d ) to Bp^(^ d ). 

ii) is bounded from F* q (j d ) to Fp^^). 



Proof. 



i) Let us denote u(x,t) = P t f{x) and U(x,t) = Pt<Jpf(x), using the 
representation of Pt (|1.6p we have, 



U(x,t) 



+oo 



T s {J p f){x)^ /2 \ds) 



Therefore, 

U(x,t 1+ t 2 ) = P tl {P t2 {J p f)){x) = / T s {P t2 {J p f)){x)£J 2 \ds). 

Jo 

Now, let k, I be integer greater than a, f3 respectively, by differenti- 
ating k times respect to t 2 and I times respect to t\, 



d k+l U{x,h+t 2 ) 
d(h + t 2 ) k +i ~~ J 



: : - d k P t2(a , w , d l (i/2), , , 



dt[' 
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Thus 

if t = t\ + *2 and therefore, using the L p continuity of T s and (|2.4j) 

11 ot^H IUt < y o lir.(-^-(W))IM^/4 (*0I 

(2.14) < CftO-'H^Pfa^/llp,, 

On the other hand, using the representation of Bessel potential 
(|1.16p we have 



i r+oo 



ds 
s 



then 



mk W)W - m J o dtk S -T((3)J d(t + s)k s- 

and this implies that 



< dkPt -(J3f)\\ < 1 P" C°C-'\\ *' P »* f \\ ^ 



w,m - r(/3) y "5(i + s ) fcllp ' 7 s 

since / G Bp ^d). Now due to the fact that the definition of -Bp i9 (7d) 
is independent on the integer k > a that we can choose, let us take 
k > a + (3 and / > /9, then k + l>a + 2(3>a + (3, this is + 1 is an 
integer greater than a + f3. Let us see now that 
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In fact, taking t\ = t% = t/2 in (|2.14j) . we get 

+ °° t+k+l-ja+P) II d k+l U(-, t) ^qdtsl 



dt k+i \\p,v t 

< c(l + °° (^- ( ^n|^(^/)iu 7 ^)-rf )• 



C / /■ + °° s -.n^+l 7 ,, ds^ q dt I 



_ 9 

2/ 



Using again that (a + b) q < C q {a q + b q ) if a, 6 > 0, q > 1, but since 
(a + < a 1 / 9 + if a, b > 0, g > 1, 



res) 



_ I? 

2' 

+r / "~>n d*^* 7 II 



< 



_C^r f + °° t ( k -( a+m( r^n ^+l^ i d£w^ii/, 



+ J21r f +C ° f (k-{a+f3))q, f + °° 0U 9 Ps +ljf || f^NG^M 

= 1 + 11. 

Now, using lemma E3] and since /3 > 

r> /"+°° ft d k Pt f fit rit i 



^ f+oo rt O rt t j„ fif 
< J_T / t (fc-(a+/9))9C / J9|| 



r /"+ 00 a fc Ptf ,/+ i 

- ° C / f t fc-a|| ULlI ) q — )v 

= c**[j^^\\^U'*)t<+». 

since / G Bp' q {^ d ). 
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On the other hand, using the Hardy inequality, since k > a + (3 
and lemma l2~4l we get 



< C ( f +C ° t (k-(a+f3))q ( f + °° n P\\ dkPs f \\ d±\qti\\ 



since / G B% q (p( d ). Thus J^/ G (7d) and moreover, 



ll^/ll^+ZJ < Co,/3 11/11 

ii) Let k > a + (3+1 a fixed integer, let / G Fp q (^ d ) and let us consider 
h = Jpf. 

Let us consider two cases: 
(a) If (3 > 1. By the change of variable ii = i + s and using Hardy's 
inequality, we get 



+ °° ^ t k-(g+(3) ^ k Pth(x) ^qdty/g 







-r(/?) v y " V A V " ' du k ^' t 

- r(/3) k - {a + (3y Jq K 1 du k ]) u } ' 
Therefore, 

1 I Q t k \) t ) HjVT 

since / G F£ q (j d ). Thus J^/ G F^{ ld ). 
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(b) If < < 1. 

(jf^l^l)'?)* 

< j_ ( rv-^f r°° c0c s ^p t+ sf{x) ds dt i 

-r(/?)V V 1 d(t + s r 1 s> t> 



r(/?) 

— f /' +00 ^-(°+/3))-i ( ' /' +0C e -«i d k Pt+sf(x) ld Y dt ) - 
= 1 + 11. 

Now, e _s < 1 and as /? < 1, then s' 3-1 < i' 3-1 for t < s. 
Hence again by the change of variable u = t + s and using 
Hardy's inequality, we get 

" r(/3) ^ y 1 1 s»* u u j 

On the other hand, using again e~ s < 1, 

" £ F§)r t,( " < " +e,Fi( i l ^ i| ^wTf i|ds) ^ 



Now, as (3 > 0, / s /3 ~ 1 ds = — , then using Jensen's inequality 
Jo P 

for the probability measure j^s^~ 1 ds and Fubini's theorem 

jq < C [ +C ° f q(k-a)-l ( P_ [* 0-1, d k P t+s f(x) > 

as (?(£; — q) — (3 — 1 > 0, since < (3 < 1. Finally, again by the 
change of variable tx = t + s and using Hardy's inequality, we 
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get 

_C_ [+°° , k d k P u f{x) . q du 



Therefore 

Thus J^/ G F^( ld ), for < /? < 1. 
In both cases we have, 

IWII^ = ll^/|| P , 7 + ||(^(^^|^^|) 9 f)^lk 7 

< c p \\f\\™ + <WI ( [°° i- k - a \ d -^\) qd i) • II™ 

< Cfc,a,/3 11/11 F p V 

□ 



OO. 
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